Abstract. The following conjecture of M. L. Zeeman is proved. If three interacting species modeled by a competitive Lotka-Volterra system can each resist invasion at carrying capacity, then there can be no coexistence of the species. Indeed, two of the species are driven to extinction. It is also proved that in the other extreme, if none of the species can resist invasion from either of the others, then there is stable coexistence of at least two of the species. In this case, if the system has a fixed point in the interior of the positive cone in R 3 , then that fixed point is globally asymptotically stable, representing stable coexistence of all three species. Otherwise, there is a globally asymptotically stable fixed point in one of the coordinate planes of R 3 , representing stable coexistence of two of the species.
Statement of results.
1.1. Introduction. Consider a community of three mutually competing species modeled by the Lotka-Volterra systeṁ
where x i (t) is the population size of the ith species at time t, andẋ i denotes dx i /dt. The mutual competition between the species dictates that a ij > 0 for all i = j. In addition, each species is assumed to be self-regulating, and in the absence of other species, to have a positive density independent growth rate constant; thus a ii , b i > 0 for all i. We restrict our attention to the closed positive cone R 3 + , and we denote the open positive cone by intR 3 + . The restriction of system (1) to the ith coordinate axis is the logistic equatioṅ x i = x i (b i − a ii x i ), which has a fixed point R i at the carrying capacity b i /a ii . Since each coordinate subspace of R 3 + is invariant under system (1), each R i is a fixed point of the full system. Note that we are abusing notation here, and allowing R i to denote a point in R + or in R 3 + as dictated by the context. It is well known that there are no nontrivial periodic orbits in two-dimensional competitive Lotka-Volterra systems. By contrast, it was proved in Zeeman [15] that nontrivial isolated periodic orbits do occur in some three-dimensional competitive Lotka-Volterra systems, and Hofbauer and So [8] have presented a numerical example of system (1) with two isolated periodic orbits. In this paper we give new, ecologically meaningful conditions on the fixed points R i , under which system (1) has no periodic orbit so that all trajectories converge to fixed points, and the global dynamics are known. Before stating our result precisely (Theorem 1.2, section 1.3), we need the carrying simplex described in the next section. We present some necessary background material in section 2, and we prove Theorem 1.2 in section 3.
The carrying simplex.
It is easy to see that the origin is a repelling fixed point of system (1) , and that the basin of repulsion of 0 in R 3 + is bounded. The boundary of that basin is called the carrying simplex of system (1), and is denoted by Σ. See Hirsch [6] and Zeeman [15] for more detail.
The following theorem of Hirsch [6] shows that Σ is topologically and geometrically simple and that all the nonzero fixed points and other ω-limit sets of system (1) lie on Σ. In particular, the fixed points R i and any nontrivial periodic orbits lie on Σ. It is important to note that Tereščák [14] has proved that the carrying simplex is actually C 1 . See also Brunovský [1] and Mierczyǹski [10] for related smoothness results. [15] . See section 2.2 for details. In the case when R 1 , R 2 , and R 3 are local attractors on Σ, there are saddle fixed points on the boundary of Σ, and there may be a fixed point P in the interior of Σ which repels on Σ. (See Figure 2. ) Thus, whilst almost all trajectories converge to one of the R i , there are several trajectories converging to the repelling and saddle fixed points on Σ. However, this behavior is not robust under perturbation of the initial condition, so the only experimentally meaningful behavior is the robust convergence to the R i .
Recall that the fixed point R i lies at the carrying capacity of the ith species on the x i axis. If R i is locally attracting, then the ith species can resist invasion by small numbers of either (or both) of the other species. An ecological interpretation of Corollary 1.3 is that if each species can resist invasion at its carrying capacity, then there can be no long term coexistence of three or even two of the species. In other words, two species are driven to extinction, whilst the third species survives at its carrying capacity. Which particular species survives depends on the initial populations.
An ecological interpretation of Corollary 1.4 is that if none of the species can resist invasion by either of the others and if there is a fixed point P ∈ intR 3 + , then none of the species is driven to extinction, and there is no long term oscillatory behavior. In other words, if the initial condition is strictly positive, then there is stable coexistence of all three species at P . 
Here cycle means a nontrivial closed piecewise smooth curve composed of a finite union of solution trajectories. In particular, this includes nontrivial periodic orbits.
We will use Theorem 2.1 and Corollary 2.2 by noting that if system (1) has a nontrivial periodic orbit γ(t), then γ(t) lies on the carrying simplex Σ and bounds a region S of Σ.
Geometric analysis.
The classical geometric analysis of two-dimensional Lotka-Volterra systems is based on the relative positions of the nullclines of the system: the lines on which one component of the vector field vanishes. To prepare for the proof of Theorem 1.2 we recap some key features of a three-dimensional generalization of this geometric analysis developed in Zeeman [15] .
For each i ∈ {1, 2, 3}, the ith nullcline of system (1), denoted N i , is the plane given by In [15] this three-dimensional geometric analysis is used to obtain a partial classification of the dynamics of three-dimensional competitive Lotka-Volterra systems. The classification has 33 open nullcline classes. Roughly speaking, each class corresponds to a particular configuration of the nullcline planes in R 3 + , which in turn corresponds to a system of simple inequalities on the parameters and also determines the dynamical behavior in a neighborhood of the boundary ∂Σ of Σ as described above. Figure 2 lists all the open nullcline classes found in [15] for which the R i are either all attracting or all repelling on Σ with the numbering system as in [15] . In classes 12 and 18, the nullclines N i do not all meet in the interior of R 3 + , so there is no fixed point in the interior of Σ, and hence there are no periodic orbits and the global dynamics are known. Indeed, there are no periodic orbits in any of the nullcline classes 1-25 found in [15] . By contrast, it was proved in [15] In this paper we prove Conjecture 3.13 of [15] , that in class 32 there are no periodic orbits, and hence the interior fixed point P repels (as shown in Figure 2 ). Our proof also generalizes to class 33, thereby correcting an error on page 210 of [15] , where it was claimed that there was numerical evidence of a Hopf bifurcation and hence periodic orbits in class 33. In fact, we prove that there are no periodic orbits in class 33, and hence P attracts, as shown in Figure 2 .
In conclusion, classes 1-25, 32, and 33 have no periodic orbits. Classes 26-31 all contain some systems with periodic orbits, and others without. Class 27 contains systems with at least two periodic orbits [8] . The maximum number of isolated periodic orbits that can occur in each of classes 26-31 remains open.
Proof of main results.
We prove Theorem 1.2 for the case when the axial fixed points R 1 , R 2 , and R 3 are attracting on Σ (i.e., class 32). First we establish that any periodic orbit of system (1) bounds a C 1 region S of Σ with positive normal vector n. Next we use nullcline geometry to translate the dynamical condition that each R i is attracting into a set of simple inequalities amongst the parameters a ij and b i . See section 2.2 for more details. Then we introduce a vector field g : intR
and use inequalities (2) to apply Corollary 2.2 and thereby eliminate periodic orbits. The choice of vector field g used here is a variation on the choices used by Derrick and van den Driessche in [5] and Selgrade and van den Driessche in [12] . See also Zeeman [16] for another application of Theorem 2.1 to system (1) .
Proof of Theorem 1.2. Suppose that system (1) has a nontrivial periodic orbit γ(t). Then γ(t) lies in intΣ by Theorem 1.1, and hence encloses a region S of intΣ. Recall from section 1.2 that the carrying simplex is C 1 and balanced, so for x ∈ S, the tangent plane T x S to S at x exists and is balanced. Now suppose that the normal vector n = (n 1 , n 2 , n 3 ) to S at x cannot be chosen positive. Then we may assume, without loss of generality, that n 1 > 0, n 2 ≥ 0, and n 3 < 0. Thus
So (−n 3 , −n 3 , (n 1 + n 2 )) ∈ T x S. But this contradicts the fact that T x S is balanced. Thus the normal vector n can be chosen to be positive.
Assume that R 1 , R 2 , and R 3 are all attracting on Σ (i.e., class 32). Then by Lemma 2.3:
Let f denote the right-hand side of system (1), and define g : intR
which is precisely hypothesis (A) of Corollary 2.2. Now, writing
The signs of the six terms in curl g are given precisely by inequalities (2), and since x i > 0 on intR 3 + for each i, each component of curl g is strictly negative. So hypothesis (B) of Corollary 2.2 follows from the fact that n is positive and nonzero. Thus we may conclude from Corollary 2.2 that γ(t) is not a periodic orbit of system (1).
If R 1 , R 2 , and R 3 are all repelling on Σ (i.e., class 33), then inequalities (2) are all reversed, and the proof follows similarly. Corollaries 1.3 and 1.4 follow from Theorem 1.2 combined with the results from Zeeman [15] that were summarized in section 2.2 and Figure 2 .
Remark. Note that for all R i attracting on Σ (i.e., class 32) inequalities (2) imply that self-regulation is less than competition, in the sense that for all i, j, k distinct, a ii a jj < a ij a ji and a ii a jj a kk < a ij a jk a ki . In the repelling case (i.e., class 33), when inequalities (2) are reversed, they can be interpreted algebraically with matrices A = (a ij ) and B = diag (b i ) as stating that B −1 AB is diagonally dominant of its column entries.
In conclusion, we pose a question: do Corollaries 1.3 and 1.4 generalize to competitive Lotka-Volterra systems of arbitrary finite dimension? (5) has a threedimensional carrying simplex Σ, with vertices at the four axial fixed points R i , i ∈ {1, . . . , 4}; see Hirsch [6] . By geometric analysis, each R i is locally repelling on Σ.
There is a fixed point at P = (1, 1, 1, 1) T . Linearizing (5) 
